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.... 1. Context: Detection and analysis of seismic events

Global scale Regional scale Local scale
m International treaties (CTBT, NTP)

m Tsunami and earthquake alerts
m  Environment monitoring (IMS)

m  Subsurface knowledge
m  Risk prevention

m Exploitation
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.... 1. Context: Detection and analysis of seismic events N ,

Global scale

m International treaties (CTBT, NTP)
m  Environment monitoring (IMS)

Regional scale

m Tsunami and earthquake alerts
m  Risk prevention

Local scale
m  Subsurface knowledge
m Exploitation
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.... 1. Context: Uncertainty on physical parameters
m Earthquakes could cause tsunamis within minutes/hours
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.... 1. Context: Uncertainty on physical parameters N ,

%

m Earthquakes could cause tsunamis within minutes/hours
(] Source parameters — Simulation

Forward problem Q

F( )=
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.... 1. Context: Uncertainty on physical parameters

m Earthquakes could cause tsunamis within minutes/hours
m Data — Source parameters — Simulation

N |

Inverse problem

F(% )= b

Forward problem

F('Y& )=
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.... 1. Context: Uncertainty on physical parameters N ’

m Earthquakes could cause tsunamis within minutes/hours -
m Data — Source parameters — Simulation
m  Poorly known parameters, e.g. the velocity field

N |

Inverse problem

Depth (km)

Distance (km)
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.... 1. Context: Inverse problem

Forward problem

Solver, F(S,m) = d Observations d,
Model parameters m Source parameters S

(velocity field)

Inverse problem

ill-posed, m|d,S ?

Objective: to characterize the velocity field m and its uncertainty from indirect observations d
= to find the probability distribution of the field knowing the observations mpos:(m|d°™)

Tarantola, SIAM, 2005; Noble et al., GJI, 2014
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.... 1. Context: Bayesian inference and Markov chain Monte Carlo

p . () Forward model Comparison
L I — —>
roposition m Solver F(m;S) =d d versus d°™ (data)

Bayes' rule: mpost(m|d°™) oc £(d°"*|m) Tprior(m)

J

Accept/Reject criterion

New iteration
i+—i+1

P(m|d°>)
P(m|d°bs)

min

Sivia and Skilling, Oxford, 2006; Doucet et al., Springer NY, 2013

g MASCOTNUM2025 - PhD Day - POLETTE Nadege 04/22/2025 4



NN w
.... 1. Context: Bayesian inference and Markov chain Monte Carlo

p . 0 Forward model Comparison
— %
m infinite di%%ﬂgiﬂzgn 7 Solver F(m;S) =d d versus d°™ (data)
. . . ﬁ%
— dimension reduction Bayes' rule: Wpost(m|d0bs) ~ ﬁ(dObS\m) Torior(m)
Ne_w Iteration Accept/Reject criterion
i—i+1

min

Sivia and Skilling, Oxford, 2006; Doucet et al., Springer NY, 2013
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L 1 2 Field parametrization: Modal representation W w

Assumption - m ~ N(0, K)
n

Karhunen—Loéve decomposition - m(x) = > v/ \jui(x)n;, x € Q
i=1

'S
7

L] 7Tpost m|dObS :> 71'post(nldObS) o8 E(dObs| )77(77)7 n-~ N(O>In)

+.. +ni +... +1Mn

obtained using eigendecomposition of K: / K(x,y)ui(x)dx = A\jui(y)

Marzouk and Najm, JCP, 2009
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®® 2. Field parametrization: kemel choice

Problem - the choice of K is not always trivial

u 71—pc>st(n7|‘:’Obs) = '/Tpost("]a Q|d0bs) X E(dObSh’v Q)W(W)W(QL

Polette, Le Maitre, Sochala, Gesret, JCP, 2025
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888 3 Dimension reduction: context

Parametrisation may require a large number of modes

Problem -
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= Computationally expensive
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= How to choose the selected modes ?
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000 3 Dimension reduction: informed subspace

Assumption - the data are informative only on a low-dimensional subspace

Tpost (N d°%) 2= Fpose(n]d°™*) o< L(d°™|n,)w(n,)m(n |n,), n=Amn,+ALn,

500
. 400 _
E =
< 300 g
E=S °
=1 200 >
<] &

100

0

Distance (km)

Data limitations: ray density map (Luu et al., Geoph. Prosp., 2020)

Cui et al., Inv. Prob., 2014; Zahm et al., Math. Comp., 2022;
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Constantine et al., SIAM JSC, 2016;

MASCOTNUM2025 - PhD Day - POLETTE Nadéege



oo 3. Dimension reduction: informed subspace

Proposition 7,()

New iteration
i+—i+1

Approximated likelihood
L(d™[n,)

Comparison
d versus d°™ (data)

——

Bayes' rule: post(1,1d°) o L(d[1n,) Tprior ()

m 7 is sampled according to Tprior(77 |17,)

m Approximated likelihood

J

Accept/Reject criterion

B 1) = Ery, (£l = [ L@ ) in( n, )
=1

m optimal with respect to (i) the L*m-norm, (ii) the Kullback—Leibler divergence [Zahm2022,
Section 2], and more generally (iii) all expected Bregman divergences [Banerjee2005]

Zahm et al., Math. Comp., 2022;
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€8¢ 3. Dimension reduction: informed subspace N %

Assumption - the data are informative only on a low-dimensional subspace
Tpost (M1 d°*°) = Fpost (1 d°**) o L(d*™ |0, )w(n, )7 (1 n,), n=Am, +Ain.

= State-of-the-art methods are gradient-based.
.
» H= / V log £(d°*®|n) (V log E(d"bsln)) v(n)dn

m The reduction relies on the dominant eigenspace of the pencil (H, CprllOr =1,):

[ur...u], A >...2X\,, Hu=)\NCE

prlor

Constantine et al., SIAM JSC, 2016; Cui et al., Inv. Prob., 2014; Zahm et al., Math. Comp., 2022;

g MASCOTNUM2025 - PhD Day - POLETTE Nadege 04/22/2025 11



€8¢ 3. Dimension reduction: informed subspace N %

Assumption - the data are informative only on a low-dimensional subspace

Tpost (M) = Fpose(n]d°%) o L(d°™*|n,)m(n,)w (1 |n,), n=Am,+ALn,

= State-of-the-art methods are gradient-based.

. H:/EWogE(dObsln) (V logﬁ(d"bsln))TV(n)dn

. . . . ; 1 )
= The reduction relies on the dominant eigenspace of the pencil (H, C_j,, = I):
[ur...u), M >=...=X\,, Hui=\NCL.u

prlor

= Gradients can be expensive/unavailable

Constantine et al., SIAM JSC, 2016; Cui et al., Inv. Prob., 2014; Zahm et al., Math. Comp., 2022;
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. . . NN w ,
oo 3 Dlmensmn reductlon: Gradient-free formulation A

Bayesian linear Gaussian case - Linear forward model, Gaussian posterior
Spantini’s corollary - The reduction equivalently relies on the minor eigenspace of

(Cposta Cprior = In)
[V1-~~Vr]; vy < ... < Vp, CpostVi:ViCpriorVi

New corollary - In the (BLG) case, considering an approximation of the form 7y, this
projector is also optimal to approximate Cp,ost.

(a) Informed direction (b) Non-informed direction

Spantini et al., SIAM JSC, 2015
g MASCOTNUM2025 - PhD Day - POLETTE Nadége 04/22/2025 12



. . . NN w ,
oo 3 Dlmensmn reductlon: Gradient-free formulation A

Posterior covariance approximation
B Coost is unknown
= Inputs: m samples n() ~ 7o, £L(n(1), L(n,D)
» Weights: w® = £(n®)/L(n,D)
m  Weighted Monte Carlo estimator

3 () . > Wy
ra i=1 i i) = N = =
Coost = ————5—— YWD —m) D —m)T, with g = =—
<Z w(i)) — 3 (w2 =1 _le(')
i=1 i=1 i=

m Tempering/shrinkage etc. available

El Masri, PhD thesis, 2022
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ooe 3 Dlmensmn reductlon: Gradient-free formulation w _

Extension to non-linear cases - A bound can be derived from (Cui and Tong, Bern., 2022)

Bound of the final approximation quality
The Hellinger distance between the true posterior P and the numerical approximated posterior

P[(jly) is bounded with

Du(P P < B, (Ve (V0RD) + ) 2B, (V) (XD).

MASCOTNUM2025 - PhD Day - POLETTE Nadege 04/22/2025 14
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oe 4. Application: Steady-state diffusion equation

-V (k(x) - Vu(x)) =1,
u(x)=0, xelp={x,
Vu(x)-n=0, xely={x, x =1}

x € Q=10,1]?
X1=0UX2=0UX2:1}‘7

log k ~ N(0, k), k an exponential kernel with correlation length 0.02

0.8
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0.0 0.2 0.4 0.6 0.8 1.0

(a) True log-field

Constantine et al., SIAM JSC, 2016
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oo 4. Appllcatlon: Steady-state diffusion equation w

” '
\\\\\

(a) Eigenvalues (b) First direction  (c) Second direction (d) Third direction (e) Fourth direction

(H, ijor), n = 1,000, prior weighted averaged
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oo 4. Appllcatlon: Steady-state diffusion equation w

-
-

(a) Eigenvalues (b) First direction  (c) Second direction  (d) Third direction (e) Fourth direction

‘‘‘‘‘

(H, Cp_r:ilor), n = 1,000, prior weighted averaged

!

(a) Eigenvalues (b) First direction  (c) Second direction (d) Third direction (e) Fourth direction

(H, Cpﬁor), n = 1,000, prior averaged
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oo 4. Appllcatlon: Steady-state diffusion equation w

-
-

(a) Eigenvalues (b) First direction  (c) Second direction  (d) Third direction (e) Fourth direction

‘‘‘‘‘

(H,C;L.), n=1,000, prior weighted averaged

prior

(a) Eigenvalues (b) First direction  (c) Second direction (d) Third direction (e) Fourth direction

‘‘‘‘‘

(EPOStv Cprior)y n = 10,000

MASCOTNUM2025 - PhD Day - POLETTE Nadéege 04/22/2025 16



. . NN NRANNN
oo 4. Appllcatlon: Steady-state diffusion equation w

(a) Eigenvalues (b) First direction  (c) Second direction  (d) Third direction (e) Fourth direction

envale ),

i

H,C} n = 1,000, prior weighted averaged
prior

10
ax0e
310+
B 3 § ]
ndexi

(a) Eigenvalues ) First direction  (c) Second direction  (d) Third direction (e) Fourth direction

Egenvalue &

(Eposty Cprior), n= 17000
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oo 4. Appllcatlon: Steady-state diffusion equation w

-
-

(a) Eigenvalues (b) First direction  (c) Second direction  (d) Third direction (e) Fourth direction

envale ),

i

ndexi

(H,C;L.), n=1,000, prior weighted averaged

prior

(a) Eigenvalues ) First direction  (c) Second direction  (d) Third direction (e) Fourth direction

walue

Eger

ndexi

(Eposh Cprior), n= 1, 000, 8 iterations.
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oo 4. Application: Bivariate cases A w%

m  Results for bivariate cases: X = (x1,X2), X1 ~ Tpost, X2 ~ N (0,1)

Tpost Illus A Grad.-based Cov.-based
N(0,1) M v v
N(0.5,0.1) ‘ v v
N(0.5,1) m v X
Bi-modal, std~ 0.5 M v v
Bi-modal, std~ 1 “ v X
Bi-modal, std~ 2 l ﬂ v X
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oo 4. Application: Bivariate cases

m  Results for bivariate cases: X = (x1,X2), X1 ~ Tpost, X2 ~ N (0,1)

m Correlation coefficient (c.c.) values: Cor(X, log L), Cor(X?,log L), Chatterjee coef.

Tpost Illus A Grad.-based Cov.-based | lin. c.c. quad. c.c. Chatterjee
N(0,1) M v v N.A. N.A. N.A.
N(0.5,0.1) ‘ v v v v v
N(0.5,1) m v X v X v
Bi-modal, std~05 v v X v v
Bi-modal, std~ 1 “ v X X X v
Bi-modal, std~ 2 l ﬂ v X X v v
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Conclusion

m  Objective: develop numerical methods to help account for
field uncertainties in inverse problems

m  Problem: the parametrization could require a high number of
parameters

m  Covariance-Informed Subspace: adaptive gradient-free
dimension reduction

m Application: Steady-state diffusion problem — from
dimension 100 to ~ 4

m Work in progress: using correlation coefficients and partial
least squares; application to Global Ozone MOnitoring
System (GOMOS)

Thank you !

nadege.polette@minesparis.psl.eu

Keywords: inverse problem, Bayesian inference, MCMC, dimension reduction,

gradient free
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