Some contributions on the adaptive importance
sampling scheme ‘cross-entropy’ in high dimension
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Context: Rare event analysis

d random entries ——| Blackbox system ——— System response

Y ~ f initial density o:RIE SR oY)
» Y ~ f = N(0,I) standard Gaussian in dimension d

> A={ycR?:p(y) >0}, measurable p: R? — R
» Estimate

szf<YeA>=/n<yeA>f<y>dy

in high dimension: d — +o00
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Monte Carlo
» Monte Carlo (MC) estimator: N samples
(Y:) % f initial density

N
. 1 R
pMC:NZ;]l(YiEA)v E(pmc) =p
’L:

» Choice of N : usually based on coefficient of variation
(fluctuation around the mean)

cov(pmc) == Varf(ﬁMC): ”1_pz !
MO TR s (puc) VNp — /Np

cov of 10% = N = 10° if p ~ 1077
1 ms per sample = 11 days to generate 10° samples
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Importance sampling
> Auxiliary density g s.t. g(x) =0=1(z € A) f(z) =0

p—/Rdll( eA)g(x)g()d Eg<]l(XeA)g(X)>

» Importance sampling (IS): N samples X; i g

N
Ag—%z XeAf(X) E(py) = p
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Importance sampling
> Auxiliary density g s.t. g(x) =0=1(z € A) f(z) =0

e 1)
p—/Rd]l( EA)g(x)g()d Eg<ll(X6A)g(X))

» Importance sampling (IS): N samples X; i g

N
=y L1 (K€ ) R B =

Ideal density s.t. p, = p constant estimator :

f‘A:]I(.eA)f
p

(conditional law Y|¢(Y) > 0)

p unknown = f|4 unusable as auxiliary density!

But a good choice of g: Variance reduction compared to pmc

4/24



Gaussian setting

Search g4 among Gaussians which minimizes Kullback-Leibler

(KL) divergence with f|4, D(f]al|):
. . fla(X)
oMy DU Nallo) = 3y Bl <10g < 9(X) >>

» Solution: g4 “Optimal Gaussian™
Same mean and covariance matrix as

fla

ga = N(ua,Xa);
HA = ]Ef|A(X), ZA = Varf‘A(X)

» 14 et X4 unknown = Estimation by
Adaptive Importance Sampling

» Problem becomes vector and matrix
estimation in high dimension
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Cross-Entropy scheme (single Gaussian) [RK04]

pa and X 4 unknown = Estimation by Adaptive Importance
Sampling

Cross-Entropy (CE): adaptive scheme which learns g4 iteratively.
Learning step: uses n samples per iteration

3

At iteration t:
® n samples (X;) g Jt
@ pn highest (p(Xi)) = §(|(1-p)n))
© A ={yeR: 0(y) > da—pnn}
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Cross-Entropy scheme (single Gaussian) [RK04]

pa and X 4 unknown = Estimation by Adaptive Importance
Sampling

Cross-Entropy (CE): adaptive scheme which learns g4 iteratively.
Learning step: uses n samples per iteration

At iteration ¢:

O Estimate E;(Y|Y € A;) and
Val’f(Y|Y € At) = ﬂt+1, Et—i—l

R @L(A]Hl:N(ﬂtHaitH)

Stopping criterion qA(L(lfp)nJ) > 0 attained at some ¢*: estimate p

N
id 1 X,
N samples (X;) ~ gir, Pce = N g 1(X; €A Af(oz.))
i=1 gt* % 6/24



Covariance matrix estimators in CE and CE with projection
» In CE at step ¢, estimation of Var;(Y|Y € Ay) with
(Xi)i=1..n ~ Gt = N(fit, 2t),

o 1 o A\ f(XG) . N
Y = — 1 i A i i
t+1 " by ;:1 (X € t) gt(Xi)(X fie1)(Xi — fl+1)

» This is an importance sampling estimator of covariance

matrix
» CE with projection [Uri+21; EMS21; EMS24]: Fix r > 1,
(vk,k =1,...,7) orthonormal family, and use instead

T
XV = Z()\k — Voo + 1, A = vy Seqavp
k=1

These matrices = culprit for bad performance of CE in high
dimension 7
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Bad performance of CE in high dimension

In low dimensions, CE = popular algorithm for rare event estimation
In high dimensions, CE does not converge

Example: ¢(y) = >0, y(j) — 5Vd, p~ 1077, plot [pce — p|/p

|

O® 0000 @ O 0000 0000 COTANND M

d=3 d=10 d=30

» To estimate p of order 10~7,
even d = 10 does not work

well

» This inspires theoretical
analysis of CE in high
dimension (d — +0)
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Consistency of CE in high dimension

Joint work with F. Simatos, Yonatan Shadmi (Imperial College)
(to appear in the Annals of Applied Probability [BSSar])
Setting: d — 4+00. n: no of samples per iteration of CE
N: no of IS samples to estimate p

Central assumption: inf;p > 0 4+ Technical assumptions
Theorem

dk >0 n>>d”:>]%:>1vj\f—>oo
n that scales polynomially with d suffices for the pcg to be
consistent for any N — oo (no minimal growth rate with d).
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Consistency of CE in high dimension

Joint work with F. Simatos, Yonatan Shadmi (Imperial College)
(to appear in the Annals of Applied Probability [BSSar])
Setting: d — 4+00. n: no of samples per iteration of CE
N: no of IS samples to estimate p

Central assumption: inf;p > 0 4+ Technical assumptions
Theorem

dk >0 n>>d”:>%:>1vj\f—>oo
n that scales polynomially with d suffices for the pcg to be
consistent for any N — oo (no minimal growth rate with d).

Why is it interesting? Popular folklore for IS:
N > exp(d) samples are needed to have a consistent
estimator [BBLOS]
What we have proven:
by learning g4 with CE beforehand using n > d*, pcg is consistent
without needing N > exp(d). 9/24




Some remarks

@ In our knowledge, first result of the consistency of CE when
d — 400

@® if d is fixed and n — oo, CLT available in [PD18]

® for gi+1 = N(fi41, 2t+1), n > d", we conjecture that x is
linked to 1/Amin(2:): cf. the rest of the talk

O Similar results on more recent variants of CE: CE with
projection [Uri4-21; EMS22; EMS24] and improved
CE [PGS19] can be obtained

@ The assumption inf;p > 0 is already considered for theoretical
analysis in [AB03; CD18; CHR22]. Example of applications
in [Uri+21; EPS24].
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The importance sampling covariance matrix estimators

» Recall in CE with projection,

T
SPY =) (e = Dogoy + I, M = v Srqavp
=1

» Aim: confirm the conjecture that in n > d”, & is linked to
1/ Amin (35"). Check also the necessity of n > d*.

Strategy: model 3. as a random matrix to use recent
concentration inequalities from [BH24]

Joint work with F. Simatos, J. Morio (Preprint soon™)
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Simplest matrix model: identity estimate
Covariance matrix estimation (Wishart)
R 1 Classical result d — 400
I=—-3% vy, =—YYT, [BY93] If d/n — ¢ €]0,1],
= > Anax(1) = (14 /0)? as.
Y8 = N0, 1) or Vi EN0,1) > Amin(l) = (1-10)? as.
Universality [BY93]: same result holds for iid Y;; if

E(Y;;) =0, Var(Y;;) =1 and E(Yf}j) < 400.
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Simplest matrix model: identity estimate

Covariance matrix estimation (Wishart)

1 1 Classical result d — +00
I=—-3% vy, =—YYT, [BY93] If d/n — ¢ €]0,1],
= > Anax(1) = (14 /0)? as.
Y8 = N0, 1) or Vi EN0,1) > Amin(l) = (1-10)? as.
Universality [BY93]: same result holds for iid Y;; if

E(Y;;) =0, Var(Y;;) =1 and E(Yf}j) < 400.

Covariance matrix estimation by importance sampling

.1 (X)) . Universality inapplicable if
I'= n Z; 9(Xi) XiXi' % does not have finite variance
= typically the case in importance
X, ~g=N(0,%) iid sampling
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|dentity estimate: result

Fixr>1, A <...< A\ €]0,+00],
(vg,k =1,...,7) orthonormal family, take g = N(0, X) with

Y= Z)\k—lvkvk—i—f Consider [ = = Zf >)XX—r
k=1

Theorem (d — +o0): If n = d" for k > 0, then
> if k> 1/)1, then Amax (D), Amin(1) = 1 in Ly

> if , then Apax (1) = 400 (A1 = Amin(X) for g)
0.75 - - 20 T
<050 = - = n = d"N ‘
E 9 10 ‘ | \
~0%) § <. 1 s & & & €&
\/;P /:\ & <
.00 - - - - -
o 10" 10° 10° 10! 10° 10°
dimension d
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Model with limited dependency
Take g = N(0,%), £ =35 _;(A\x — L)exe] + I (canonical basis).

. = 1 = f(Xz) T/ .

Consider ¥4 = — 1(X; € A)X;X; (ignoring the mean
np z; 9(X5) ( ) ( )

Theorem (d — +o00):

Assume that infyp > 0. Then supy Amax(X4) < +00.

If 1 (X; € A) does not depend on the first r coordinates of X,

and if n = d" for k > 0, then

> if 5> 1/A1, then Amax(24)/Amax(Z4) = 1in Ly

Amin(ZA)/)\min(EA) —1in Ll

> if , then Apax(X4) = 400
0.2 ~ ® - - 50 n = di3/M
r? _ <ﬁ n = "7/
STARES %25 |
E < A é =
< ) PN & & @
0.0 0% - — — - - =
: : 10! 10% 10°

10 10* 10 dimension d
a
14/24



Takeaway from theoretical results

» Anin(X) of g = N(0,%) is crucial to assure that )\max(f]A)
does not tend to infinity

> At iteration ¢ of CE-proj, we expect similar phenomenon:
Amin (X57) is critical to assure a good estimation of 31

Expected phenomenon:

)\min@,}:)mj) small ——1 n, < d/ME) ——1 Anax(Se41) large

» Too Iarge )\maX(ZtH) degrades estimation of p since
Amax(2t+1) = 400 — D(f‘AHN(,U,A, Et—i—l)) = 400

and [CD18]: required sample size to estimate p using g:
N ~ ¢D(flallg)

» Numerical verification on some test cases
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Classical hyperplane test case

d
A={zeR: ) a(j)>5Vdp, d=100, p=2.87-107"
j=1

MA:EﬂA(X)' EA:VBI’ﬂA(X) » — 1
optimal parameters .
@ CE-eigl: eigenvector associated to the =
smallest eigenvalue of p3p [EMS24], TO,G ‘M
® CE-ji;: the direction of the estimated —od /‘\\
mean during each iteration ¢, 0.2 / \\
fie /| fie|| [EMS21] T I“E—;;)j![,, -
© CE-pa: theE'Ic\:goreticaI mean it vioin sl of 5 o1/ over
pa/llpall [EMS21] Fitted v
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Extreme eigenvalues across the iterations

Smallest eigs Amin(2F") Largest eigs Amax(22")
CE-eig1 CE-eig1
@{ [
t=2
t=3
- ot=4
0.0 0.2 0.4 0.6 0.8 1.0 10° 10!
CE-jy CE-jy
] | | |
| | |
0.0 0.2 0.4 0.6 0.8 1.0 10" 10!
CE-pa CE-piy
eS|
b
e
0.0 0.2 0.4 0.6 0.8 1.0 10 oot
=1 Auin(EF) (5
t= » |t seems that larger smallest eigenvalues correlate to
t= . .
— the better estimation of p
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Plotting the extreme eigenvalues of two types of matrices
» In CE at step ¢, estimation of Var;(Y|Y € Ay) with
(Xi)i=1..n ~ Gt = N(fit, 2t),

o 1 O N\ f(X) . N
Ser=—— 3 ]I(Xz- A)A X, — X, —
t+1 " by 2 € A gt(Xi)( fre1)( fri41)

We call the covariance matrix of CE before projection

» Projection: Given (v, k =1,...,7) orthonormal family of
size r, construct

I8
S = S 0w — oo + 0 = o] Sipo
k=1

We call the covariance matrix of CE after projection
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Effect of projection

Smallest eigs Amin(3¢), Amin (5207)

: S S PToj
Largest eigs Amin(2t), Amax (27 )
779§Qro'-eig1 before projection

CE-proj-eig1 before projection

| CEE————— |

0.0 0.2 0.4 0.6 0.8 1.0

100 B 107
CE-proj-eig1 after projection

% CE-proj-eig1 after projection

0.0 0.2 0.4 0.6

10° ] 0
CE-proj-j1, before projection

08
] CE-proj-j1; before projection

0.0 0.2 0.4 0.6 0.8 1.0

10° . 100
CE-proj-j; after projection

CE-proj-ji, after projection

SHp— = i =
0.0 0.2 0.4 0.6 0.8 Wit=3 10 t=3
CE-proj-u.4 before projection - CE-proj-1.4 before projection e ‘
0.0 0.2 0.4 0.6 0.8 1.0 10° 10!
CE-proj-1.4 after projection CE-proj-14 after projection
a— | | |
I\I/I 1
0.0 0.2 0.4 0.6 0.8 1.0 10° 10!
Muin(Er) Anax(22)
- =1 > If smallest eigenvalues collapse, the largest
t=2 eigenvalues before projection become too large
=3
4 » Projection usually sets largest eigenvalue to 1, and

increases the smallest eigenvalues
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Large portfolio losses example [BJZ08]

d
A={zer: Y1 (gzb(x(l),x@),x(j)) > 0.5\/E) —0.25d 0.1,
=3

where for any (1, 22, 73) € R3,
O(x1, T2, 73) = (o 2521 + 3(1 — 0. 252)1/2x3> \/F (Fy(22))

with Frg6) the cdf of the Gamma distribution.
d =334, p=1.79-107% (Monte Carlo with 5 - 10'° samples)

Improved cross-entropy (iCE) [PGS19]
@ iCE-proj-eigl: eigenvector associated to :'[\] 1
its smallest eigenvalue [EMS24], 2
® iCE-proj-fi;: the direction of the estimated ;._1 .
mean during each iteration ¢, 02 | A
fu/llfe| [EMS21] 00 S projeigi iC;-projt;u
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Extreme eigenvalues across the iterations
Smallest eigs Amin(i)t)a )\min(f]?mj)

iCE-proj-eig1 before projection

Largest eigs /\max(f]t), )\max(flfmj)

iCE-proj—eii1 before iro'ection

0.0 0.2

0.

1

0.6 0.8

iCE-proj-eig1 after projection

10°

10"

iCE-proj-eig1 after projection

- =1 ] ’ =1 J
t=2 t=2
0.0 02 04 0% 08 -l 100 10 f——
iCE-proj-/1, before projection iCE—pro‘-ii, before iro'ection
0.0 0.2 0.4 0.6 0.8 1.0 10° 10!
iCE-proj-/1; after projection iCE-proj-/1; after projection
] | 1
0.0 0.2 0.4 0.6 0.8 1.0 10° 10!
Auin(£0) Auae(E1)
L .. . .
_ » Empirically, it seems that larger smallest eigenvalues
=3 translate into a better performance
T t=4

» This is not always the case: cf. next example
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Quadratic example

d
) 1
A={zeR': —4—S(z(1)—2(2)*+ =) z(j)>0
1 (2(1) —2(2)) b ; ()
d=334, p=6.62-10"6 -
Smallest eigs Amin (327)
IC E- proj- FI S: iCE-proj-ji; after projection

Failure-informed subspace
constructed using the
gradient Vo [Uri421]

iCE-proj-ii; _iCE-proj-FIS

0.0 0.2 0.4 0.6 0.8 1.0
Amin(2¢)

Similar performance with iCE-proj-fi; but very small smallest 29/94
eigenvalues: likely due to FIS = high quality projections



Numerical takeaways

@ We observed through numerical studies the phenomenon

Amin (5P small ——

n < dY/ME)

— Amax(itﬁLl) Iarge

@® In most cases, for runs with a bad estimation of p, small
Amin(X5")'s are observed

® Our results suggest to regularize the eigenvalues of the
covariance matrix estimator

» Related to other work presented in SIAM-UQ24: Improved
high-dimensional covariance matrix estimation in CE scheme
(joint work with J. Morio, F. Simatos)
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Perspective and advertisements

Perspective

> )\min(it) is not the entire story: iCE-proj-FIS can have small
smallest eigenvalues but end up with a good estimation of p

» Influence on the choice of direction of projections not captured
by the theoretical results
Advertisements

@ Upcoming work: interacting Langevin dynamics for rare event
estimation (joint work with Simon Weissmann (University of
Mannheim), F. Simatos, J. Morio) will be presented in
ENUMATH 2025 @ Heidelberg (Preprint soon™)

® Gladly appreciate post-doc opportunities
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