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In regression analysis, importance measures are effective tools for feature selection and model interpreta-
tion, allowing for the ranking of the most influential regressors. In particular, variance-based importance
measures (VIMs) are a prominent topic in both fields of statistics and global sensitivity analysis. This
is due to their accessible interpretation as variance shares of the explained variable. As proposed in [1]],
this work focuses on a linear regression model between an explained real-valued output random variable Y
and d explanatory input random variables X = (X),...,Xy): ¥ = X + £ with 8 € R? is an unknown
vector of coefficients and € is a centered Gaussian random error. It addresses some of the practical chal-
lenges that arise when the component of X are dependent inputs and the input dimensionality d is large.
Specifically, the goal is to discuss the formulation and interpretation of Johnson indices [2| |3|], which have
empirically demonstrated their value both in high-dimensional contexts and their ability to approximate the
not so well-known LMG indices [4].

We start by providing some theoretical elements and interpretations to define the context in which Johnson
indices can be used in comparison to LMG and PMVD indices [5]. In the literature of linear regression
analysis, VIMs are built from the decomposition of the coefficient of determination R> which quantifies the
percentage of output variability explained by the model. A VIM associated with a regressor is thus defined
as its proportional contribution to R?, accounting for both its direct effect (correlation with ¥) and combined
effects with other variables [6]. Various R> decomposition strategies have thus been proposed, leading to
different interpretations. The choice of the R?> decomposition suitable for defining the VIM can then be
established based on desirability criteria:

* (C1) Proper decomposition: the sum of all shares should be equal to the R?;
* (Cy) Nonnegativity: all shares should be nonnegative;

* (C3) Exclusion: if B; = 0, then the share of X; should be zero;

* (C4) Inclusion: if B; # 0, then the share of X; should be nonzero;

* (Cs) Grouping: all shares should tend to equate for highly correlated inputs.

The first four criteria were defined by Gromping [7]], while the last one relates to regularization techniques
[8]]. Criteria (C;) and (C,) are essential for interpreting VIMs as a percentage of R2. Criterion (Cy) is also
fundamental to highlight inputs with direct influence. However, (Cs) contradicts the exclusion property
(C3). If the interpretation is focused on the direct influence of the inputs on the model output, then (C3) is
appropriate; if the correlations among data can carry necessary information for the interpretation, (Cs) is
relevant instead. In this context, the LMG and Johnson indices favor the (Cs) criterion whereas the PMVD
indices (C3). In fact, both methods aim to decompose the R?, but they differ in how they average the
marginal contribution of each variable across all the permutations. LMG uses an arithmetic average while
PMVD weights these contributions based on the proportion of variance attributable to each variable.

To better understand and illustrate the concept of multicollinearity, we also use Venn diagrams on a two-
input regression model (d = 2), see Fig. [I] The Venn diagrams are formed by three circles associated with
the variances of Y (in purple), X; (o in blue) and X, (03 in yellow), by two overlapping area measuring
the additional explanatory power of X; (a) and of X, (¢), and by the area representing the combined effect
of the inputs on the model Y(X) (b). We prove, in particular, (with a different demonstration from the
one of [9] which relies on geometrical arguments) that there is an equivalence between the LMG and the
standardized Johnson indices in the case of a two-input model [[1].

Finally, we apply these indices to the well-known dataset of the R package Ame sHousing, which contains
79 features describing house sale prices in Ames, USA [[1]. The computational cost of the LMG and PMVD
indices is exponential with the number of input variables. It appears impossible to calculate them for the
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entire set of input variables. This example shows that there are cases where it is impossible to determine
the LMG and PMVD indices, and where it is necessary to use approximate methods to conduct sensitivity
analyses. In this case, we calculate the Johnson and the well-known SRC? indices [1]] for the set of 34
quantitative variables. We then determined the 10 most influential variables and we determine all the VIMs
for these 10 variables (see Fig. [2).
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Figure 1: Interpretations of VIMs: Venn diagrams and desirability criteria.
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Figure 2: Results on the Ames housing dataset.
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