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The present work is motivated by the Sensitivity Analysis (SA) of models having multivariate
(MV) inputs among their input factors. SA in this context is challenging because of dependency
issues within the MV input components, which prevents to find and characterize easily the sensitive
ones.

We investigate the use of clustering in order to provide more insights on the sensitive components
of MV sensitive inputs. More precisely, we propose to use clustering to find groups of MV inputs
samples such that group characteristics explains as best as possible the influence of the MV inputs.
When successful, this strategy means that group characteristics are good summaries of the MV
inputs influence on the model outputs.

In order to apply this strategy, two questions must be answered: i) how to define quantitatively
the influence of groups on the output variability and ii) how to find clustering that maximize the
associated criteria.

Notations:
We study y = f(w, z), where w is a complex input (typically a vector of weather variables in
environmental models) and z an independent input (possibly a large vector grouping all other
inputs of interest). Using a labeling approach [2] based on samples w1, ...,wL, we now study
y = g(l, z) = f(wl, z). The Sobol’ decomposition on g writes simply: Sl + Sz + Slz = 1.

We introduce a general clustering function C such that C(l) = c ∈ 1, ..,K is the cluster label of the
input with label l. We introduce also a ’within-cluster selection factor’ u ∈ [0, 1[ that is used to
choose elements within a cluster.
Let us note (lc1, .., l

c
Nc

) the Nc elements in cluster c. We denote as h the model having cluster labels
and selection factors (along with the co-variable z) as inputs: h(c, z, u) = g(lc⌊u.Nc⌋+1, z), where

⌊x⌋ is the integer part of x.

Sensitivity analysis with selection factor u:
Our central idea to define clustering criteria is to use the sensitivity indices associated to model h,
where the cluster label c has a discrete distribution with values c1, .., cK and probabilities p1, .., pK
(probabilities of clusters according to their size), where u has an uniform distribution within [0, 1[
and z its (unchanged) uncertainty distribution. Writing the Sobol’ decomposition on h, we have:
Sc + Sz + Scz + ST

u = 1,where ST denotes a total Sobol’ index.

First clustering problem: max
C(.)

Sc

This optimization problem will allow to find clustering that maximize the main effect of the cluster

type, which is at best equal to Sl. More precisely, we show that Sc = Sl −
1

V

K∑
c=1

pcṼc, where

Ṽc = Vl∈cEz[g(l, z)]. We show that solutions of this problem are defined using quantiles of the
distributions Ez[g(l, z)], leading to an efficient numerical algorithm to find solutions of the global
optimization problem. However a drawback of this criterion is that it does not take into account
the variability of model responses along direction z.

Second clustering problem: min
C(.)

ST
u
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Using this criterion, we try to minimize the effect of the within-cluster selection factor u, thus to
minimize the effect (this time including interaction effects) of the within-cluster variability. We

show that ST
u =

1

V
Ez[

K∑
c=1

pcVc(z)], with Vc(z) = Vl∈c[g(l, z)]. We show that numerical solutions

of this problem can be found using a K-means like algorithm. Compared to a classical K-means
problem, our algorithm uses distances in the space of outputs, i.e not in the space of the variable
to be clustered.

Numerical examples
We implemented the algorithms for solving the two previous problems and tested them firstly on
a simple function at the level of gl (i.e. on functions having label l and co-variable z as inputs).
The model output y has no variability along z for l ≤ 75, where y = 1+ 0.005 l. For l > 75, Ez[y]
is also equal to 1+ 0.005 l, but y can take two values depending on z, which are inverted if l > 87.
We can see in Figure 1 that the ST

u -based criterion takes into account the variability along z and
creates clusters in the region of variability in z, which was not the case of the Sc-based criterion.
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Figure 1: Clustering result of a simple model for the two criteria. Left: model definition; Middle:
clustering based on Sc; Right: clustering based on ST

u .

We will also present during the conference clustering on a crop model [1] having vector of weather
variables among its inputs. We will be particularly interested in looking at the influence of the
number of clusters and in showing how the produced clusters can help to better understand the
influence of weather inputs.
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