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Abstract

Inverse problems are encountered in many applications whenever one search for information
about a physical system based on measurements [7]. In this work, we are interested in estimating
a physical field thanks to a set of indirect observations d. The Bayesian inference is an attractive
approach for adressing such problems, as it provides a full estimation of the unknown parameters
distributions. In that framework, the aim is to estimate the posterior probability of the field
parameters & based on the observations

Tpost (Z|d) o L(d|Z) Tprior (T), (1)

where L is the likelihood of the observations given a field and mpyior the prior probability of the
field. The posterior distribution is then sampled with Markov Chain Monte-Carlo (MCMC) [4].
In order to accelerate the MCMC sampling, the forward model predictions are replaced with
surrogate models based on polynomial chaos (PC) expansions [8, 5]. In order to reduce the
input dimension of the surrogate model, a parsimonious representation of the field is introduced
by means of the Karhunen-Loeve (KL) decomposition, on the assumption that the field of
interest is a particular realization of a Gaussian random field. Despite this parametrization,
several hundred inputs could be required to represent accurately a two-dimensional field. This is
expensive with regard to both the forward model surrogate training and the MCMC convergence.

Linear dimension reduction techniques have been developed to decrease the number of parame-
ters to infer. These techniques assume that most of the information provided by the likelihood
can be captured by a low-dimensional linear subspace. The input parameter space is decomposed
into two subsets

x = Az, + A, x5, (2)

where x, is informed by the likelihood, while x; is constrained by the prior. The posterior
distribution (1) rewrites

Tpost (1’|d> X E(d|$a)ﬂ'prior($a>77prior($i |$a)a (3>

such that only z, is sampled during the MCMC procedure. Several methods to define the linear
transformation operator A have been developed. Cui et al. [3] build a Likelihood-Informed Sub-
space (LIS) which relies on the Hessian of the log-likelihood. The optimality of such construction
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has been proven in [6] for the linear case. Constantine et al. [2] adapt the Active Subspace (AS)
approach [1] to the Bayesian framework by using the misfit gradient. In both methods, the
curvature of the log-posterior density is more constrained by the log-likelihood than by the prior
along the subspace directions.

This study presents a new construction for the linear transformation operator A. The general
idea is inspired from the work of [6] which states that, in the linear case, approximating the
posterior covariance is equivalent to approximating its inverse. Instead of relying on the Hessian
of the log-likelihood, the approximation of the inverse posterior covariance involves the ratio of
the posterior and the prior variances.

For nonlinear inverse problems, we propose to generalize this variance ratio. The low-dimensional
subspace is defined as the directions in which the posterior variance is drastically reduced in
comparison to the prior variance. This method is gradient-free. We show on state-of-the-art
examples that it is sufficient for unimodal posteriors, while some adjustments are required in the
case of multimodal results. An application on a two-dimensional field inference case illustrates
the interest of the method for high-dimensional problems.
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