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Functional ANOVA ([1-3]) and derivative-based FANOVA ([4]) are widely used in statistical mod-

eling, uncertainty quanti�cation and sensitivity analysis (e.g., [4-10]). Such decompositions of

functions f : Rd → R have interesting properties when the input variables are independent, such

as i) the uniqueness of the decomposition, ii) Sobol' main indices (i.e., Sjs) and interaction indices

sum up to one, iii) the Shapley e�ects of inputs (i.e., Shjs from [11]) satisfy ([12])

0 ≤ Sj ≤ Shj ≤ STj ≤ 1 ,

with STj
the total index of the input Xj , j = 1, . . . , d.

For functions with non-independent input variables (i.e., X := (X1, . . . , Xd)), dependency models

(DMs) allow for extracting the dependency structures of such variables under the statistical and

probabilistic framework ([13-14]). Using (∼ j) := {1, . . . , d} \ {j} and Z∼j for a random vector of

d− 1 independent variables, a DM of X is given by

(Xj ,X∼j)
d
= (Xj , rj (Xj ,Z∼j)) ,

where Xj is at the �rst position, and Z∼j represents X∼j in that DM. Composing the function

of interest by DMs is used for de�ning the dependent sensitivity indices (DSIs) of Xjs and their

upper-bounds (i.e., dSj , dSTj
, UBj) in [13]. Such indices verify

dSj =
V [E [f(X)|Xj ]]

V [f(X)]
; 0 < dSj ≤ dSTj

≤ UBj , ∀ j ∈ {1, . . . , d} .

Despite the main DSIs are always less than the total ones, note that main indices and interactions

do not sum up to one in general, leading to some interpretability issues. It is also the case in [15].

In this abstract, we propose new DSIs that improve the above approach by accounting for the e�ects

of innovation variables Zjs, which represent Xjs in some DMs. Basically, our approach consists in

collecting necessary and su�cient equivalent representations of f(X) in one multivariate outputs,

and then applying the �rst-type generalized sensitivity indices ([7,8,10]) to assess the e�ects of Xjs.

The new main, interaction and total DSIs (i.e., DSj , DSu, DSTj ) share the following properties:

0 ≤ DSj ≤ DSTj ≤ 1;
∑

u⊆{1,...,d}
|u|>0

DSu = 1 .

Note that dSjs are DSjs when neglecting the e�ects of innovation variables. Also, when all the

inputs are independent, we have DSj = dSj = Sj and DSTj
= dSTj

= STj
. Our new approach

can cope with every model and every distribution of the inputs. For linear models evaluated at

the Gaussian random vector, Theorem 1 gives the (new) main and total DSIs of Xj .



11th International Conference on Sensitivity Analysis of Model Output, April 23�25 2025, Grenoble, France

Theorem 1 Let f(X) = βTX with X ∼ N (0,Σ). If Σ ∈ Rd×d has full rank, then

DSj = DSTj
=

1

dV[Y ]

∑
u⊆(∼j)

(
d− 1

|u|

)−1Cov

[
Xj ,X

T
∼uβ∼u|Xu

]2
V [Xj |Xu]

.

Proof. Given a matrix L∼{u,j},∼{u,j}, such results rely on a DM of (Xu, Xj ,X∼{u,j}), that is,

Xj
d
= Σj,u (Σu,u)

−1
Xu +Σ

1/2
j|uZj

X∼{u,j}
d
= Σ∼{u,j},u (Σu,u)

−1
Xu +Σ∼{u,j},j|uΣ

−1/2
j|u Zj + L∼{u,j},∼{u,j}Z∼{u,j}

. □

In view of Theorem 1, the proposed DSIs are exactly the Shapley e�ects of Gaussian inputs using

linear models (see [11]).
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