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Abstract

This work focuses on approximating a differentiable function u : R? — R with d > 1 by a
composition of functions f o g where g : RY — R™ and f : R™ — R. The approximation error is
assessed in the Li—norm where p is some probability measure on R%. The approach considered
is two-staged. Firstly the feature map g is selected among some prescribed functional class by
minimizing some function J involved in the upper bound of the approximation error

i By(ju— f o) < CuI(g), (1)

which is based on Poincaré inequalities and requires evaluations of Vu.

Secondly the function f is built using classical regression methods. Until recently, bounds of
the form (1) were only available for linear feature maps g. This framework has been extensively
studied under the name Active Subspace, see for example [2, 4], and the solution is given
by the eigenvectors of the matrix E(VuVu®) € R? This approach is easy to implement,
computationally efficient, has robust theoretical guarantees for some classical probability laws
1, and showed good performances in various numerical applications. However, there are many
functions w for which such an approximation with m < d is known to be not efficient.

Therefore, recent works consider non-linear feature maps in order to produce better dimension
reduction. More especially, we will focus on the work from [1, 3] in which authors leverage
Poincaré inequalities on smooth manifolds to obtain a bound of the form (1) for non-linear g.
Although there are less theoretical guarantees, their numerical experiments showed improved
performances compared with linear featuring. However, minimizing 7 is now much harder than
finding eigenvectors of some matrix, and can only be done using iterative descent methods.

In this work we consider feature maps as in [1], of the form g(z) = GT®(x) with G € REx™
and where ® : RY — RX K > d, is fixed. We study a new quantity, denoted L(g), which
can be expressed as the minimal singular value of some positive semi-definite matrix. We show
that for a compact set of polynomial feature maps with m = 1, for some class of probability
distributions, any minimizer g* of £ satisfies the sub-optimality result

Jg") S mginj(g)ﬁ,

where 0 < f <1 is some constant which depends on the degree. We also extend this approach
to the case m > 1 as well as for simultaneously learning a parametrized family of functions
Uy € Li by y € Y, although the theoretical results are weaker. Finally, we provide numerical
examples to illustrate the performances of g*, both as the feature map used in the regression
step, or as the initializer for some iterative descent algorithm for minimizing 7.
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