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Abstract

Modern computational models for scientific and engineering applications typically involve a
large number of input parameters and are expensive-to-evaluate both in time and resources.
Replacing the model with an accurate and fast-to-evaluate surrogate (or approximation) offers
a viable workaround in many applications. Approximating such high-dimensional functions with
classical approximation tools such as polynomials, wavelets or neural networks is, however, a
difficult task. This is even aggravated in the small sample regime where one only has access to
a little number of model evaluations. One way to address this challenge is to reduce the input
dimension beforehand. This consists in approximating the model x 7→ u(x) as the composition
of two functions: a feature map x 7→ z = g(x) which extracts the relevant features of the
input variables, and a profile function z 7→ f(z) which regresses the model output on the
features. The feature map can be built by minimizing an upper bound of the reconstruction
error minf E[(u(X) − f ◦ g(X))2] obtained with Poincaré-type inequalities. When the feature
map is linear this strategy reduces to Active Subspace [4, 2]. The case of nonlinear feature
maps has been studied in [1] for polynomial feature maps and in [3, 5] for diffeomorphism-based
feature maps. The bound derived from Poincaré inequality is proportional to the L2-norm of
model gradients, therefore, this strategy works well for slowly varing functions for which the
bound is tight. For oscillatory model with large gradient norms, however, the bound reveals too
loose to build a meaningfull feature map and the method fails.

In this talk we demonstrate that working with a mollified version of the model (u⋆ρσ) is a good
strategy to circumvent this issue as it allows to obtain sharper Poincaré error bounds and to
reduce the dimension efficiently using gradient-based techniques. Here ρσ is the gaussian kernel
with 0 mean and σ2Id covariance, ⋆ is the convolution operator and we call σ the mollifying
parameter. We demonstrate that the reconstruction error when using a mollified version of
the model can be bounded by the sum of two terms: one that vanishes when the mollifying
parameter goes to zero and one that is proportional to the Poincaré error bound of the mollified
model. This bound shows the trade-off between mollification and dimension reduction: for
strongly mollified models the first term is large and the second one quite small and the other way
around when the model is less mollified. Based on this result, we propose an iterative algorithm
for dimension reduction. More precisely, we introduce a sequence σ1 > σ2 > . . . > σp ≥ 0 of
decreasing mollifying parameters. Then at the first iteration we approximate a strongly mollified
version of the model u∗

1 = u ⋆ ρσ1 with a feature map g1 and a profile function f1. At the next
interation the algorithm approximates a slightly less mollified version of the residual model
u∗
2 = (u− f1 ◦ g1) ⋆ ρσ2

with a feature map g2 and a profile function f2. This proccess iterates
p times and at the end the original model u is approximated by

∑
1≤i≤p fi ◦ gi.

Let us illustrate on some example the impact of the mollification step on the accuracy of Poincaré
error bound. We consider the analytical toy model u(x) =

∑d
i=1 aisin(ωixi), where ai, ωi, xi are
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respectivelly the ith components of vectors a ∈ Rd, ω ∈ Rd, x ∈ Rd. We aim at approximating u
by f ◦ g with g a projector onto {e1, ..., ed} the canonical basis of Rd. Here g is a linear feature
map and g = U⊤ ∑

i∈τ eie
⊤
i where τ ⊂ {1, . . . , d}, #τ = m and U = [ei]i∈τ ∈ Rd×m. In this

framework, and for X ∼ N (0, Id), we compare the minimal reconstruction error for uσ = u ∗ ρσ
with the one obtained by minimizing Poincaré error bound. We perform the comparison for
ai = 1, i = 1, ..., d and for different values of σ. In this situation the reconstruction error is equal
to 1
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∑
i∈−τ e

−ω2
i σ
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(1− e−2ω2
i ) and the Poincaré error bound is equal to 1
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∑
i∈−τ ω

2
i e

−ω2
i σ

2

(1 +

e−2ω2
i ), where −τ is the complementary set of τ in {1, . . . , d}. We can compare the 2 functions

eerr(ω) = 1
2e

−ω2σ2

(1 − e−2ω2

) and ebound(ω) = 1
2ω

2e−ω2σ2

(1 + e−2ω2

) to understand how the
error and the bound behave for different values of the mollifying parameter σ. Figure 1 clearly
shows that the reconstruction error and the error bound become closer together as the value of
σ grows.

(a) σ = 0 (b) σ = 0.5 (c) σ = 1

Figure 1: Plots of eerr and ebound according to ω for different values of σ
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