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Abstract

Transport-based methods are receiving growing interest because of their ability to sample easily
from the approximated density. These methods aim at building a deterministic diffeomorphism
T , also called a transport map, which pushes forward an arbitrary reference probability density
ρref to a given target probability density π to be approximated. Typically, the transport map
T is parameterized e.g. by invertible neural networks and fitted using variational methods of
the form

min
T ∈M

D(π||T♯ ρref) (1)

with a statistical divergence D(· ||·), typically the (reversed) KL-divergence. An emerging strat-
egy for this problem is to first estimate π by π̃ and then to compute a map T which exactly
pushes forward ρref to π̃, see [2, 1]. Among the infinitely many maps T which satisfy T♯ ρref = π̃,
the Knothe–Rosenblatt (KR) map is rather simple to evaluate since it requires only computing
the cumulative distribution functions (CDFs) of the conditional marginals of π̃. In general, prob-
lem (1) is difficult to solve when π is multimodal or when it concentrates on a low-dimensional
manifold. The solution proposed in [1] consists in introducing an arbitrary sequence of bridging
densities

π(1), π(2), . . . , π(L) = π, (2)

with increasing complexity. The sequential strategy consists in building L transport maps
Q1, . . . ,QL one after the other by solving

min
Qℓ∈M

D(π(ℓ)||(Tℓ−1 ◦ Qℓ)♯ ρref), where Tℓ−1 = Q1 ◦ . . . ◦ Qℓ−1. (3)

ρref (T1)♯ ρref (T2)♯ ρref (T3)♯ ρref πQ1 Q2 Q3

Figure 1: Visualization of the approximation of a bimodal density π (right) using L = 3 inter-
mediate tempered densities estimated using SoS (4) and a Gaussian reference density ρref .
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For suitable statistical distances, so that D(π||T♯ρ) = D(T ♯π||ρ), these problems are equivalent to
estimating the pullback density (Tℓ−1)

♯π(ℓ) with an intermediate approximation ρ(ℓ) = (Qℓ)♯ ρref .

In our work, we contribute to this methodology as follows.

First, we employ Sum-of-Squares (SoS) densities to approximate the intermediate densities ρ(ℓ)

using α-divergences Dα(·||·). We sequentially solve the variational density approximation prob-
lem as in Equation (3) with Dα as the statistical divergence and where

ρ(ℓ)(x) =
(
Φ(x)⊤AℓΦ(x)

)
ρref(x), (4)

for some arbitrary orthonormal basis function Φ in L2(ρref). Here, the positivity of the matrix
Aℓ ⪰ 0 ensures the density ρ(ℓ) to be positive. Since the α-divergence is defined for general
unnormalized densities, it is not necessary to know the normalizing constant of π beforehand.
α-divergences Dα(·||·) with parameter α ∈ R include the Hellinger distance and KL-divergence,
which have been used in previous works. The proposed SoS densities permit to efficiently
normalize the estimated unnormalized density and to compute the KR map Qℓ such that
(Qℓ)♯ ρref = ρ(ℓ). This combined use of α-divergence for performing SoS density estimation
results in a convex optimization problems which can be efficiently solved using off-the-shelf
toolboxes.

Second, we extend the methodology to the scenario where only samples X(1), . . . ,X(N) from π
are available, as opposed to point-evaluations of the target density π. In this scenario, we propose
to use diffusion-based bridging densities π(ℓ)(x) where the distribution follows a time–inversed
diffusion process such as the Ornstein-Uhlenbeck process with time parameters tℓ−1 ≤ tℓ and
tL = 0. This idea is at the root of diffusion models.

Third, we present a novel convergence analysis using the geometric properties of α-divergences.
This analysis unifies and extends previous analyses proposed in [3, 1] and, more interestingly,
it guides the choice of bridging densities. In particular, we show that a smart choice of βℓ for
tempered densities or of tℓ for diffusion-based densities yield a convergence rate of O(1/L2) with
respect to the number of layer L.

Last, we give an outlook for using sequential measure transport to solve optimal transport
problems, where we mitigate the difficulty of estimating the optimal coupling by a sequence of
entropic regularized problems.

We demonstrate the capability of our proposed method in unsupervised learning, Bayesian
inverse, and optimal transport problems in moderate dimensions.
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