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Let y = f(«) be the quantity of interest, function of some predictors @ = (x1,...,xq), also called
features or inputs. We denote D = (1,...,d), D4; any subset of D that contains the label i € D.
We aim at assessing how sensitive is y to the x variables. To do so, it is convenient to refer to
some high-dimensional model representation (hdmr) of f to assess the contribution of each input
variable to y.

The first hdmr we consider is the one of W. Hoeffding [1], that is,
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where, fi = E[f(x)] and fZ = ZﬁCa(fl)“"'_'mE[f(a:)|a:g], a C D. Hoeffding hdmr is always
unique but the summands are only orthogonal if the z-variables are independent of each other.
Otherwise, it is not obvious to infer how the input variables contribute to f(x) or to its variance
V[f(x)] given that they can contribute alone or mutually (due to correlations and interactions).
L. Shapley [5] derived some statistic ¢;(x) to assess the fair contribution of x; to y. By fair, it is
meant that mutual contributions are equally shared among the cooperating variables. It results
that,
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C' = Cov(¢) the covariance matrix of ¢, one obtains the variance-based Shapley value [3] as follows,
d
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and it can be shown that ¢;(x) = Zagpﬂ- . Besides, by denoting ¢ = (¢1,...,¢q) and

The second hdmr we consider is the one of I.M. Sobol’ [6], that stipulates that for any u ~ U (0, l)d,
we can write,
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with the summands orthogonal to each other by imposing that fol go(®o)du;, =0, Vi € a. The
hierarchical Rosenblatt transformation (RT) [4] provides the link between u and , as follows,
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where (i1,...,44) is an arbitrary ordering of the set (1,...,d), F;, is the marginal cumulative
density function (cdf) of x;,, Fi, s is the conditional cdf of @, on @ with a N g = . Obviously,
y = f(x) = g(u), but neither the RT is unique (unless the variables be independent of each other)
and nor the Sobol” hdmr.

We note that only go = f& and g;, (F;l(uzl)) = fH#(x;,) when the inputs are not independent.
From the Sobol’ hdmr in Eq.(3) it is possible to compute the following variance-based sensitivity
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indices [2],
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Sz, is the amount of variance explained by x;, alone including its cooperative contribution due
to its dependence on x.; while S;’}j is the one of x;, that does not account for the mutual
contribution. STy, is the amount of variance explained by z;, including all its mutual contributions
(i.e. interactions+correlations) with x.;, while ST;'?dd does not take into account contributions
due to the dependences of z;, on x;,.

In my talk I will discuss the pros and the cons of the different approaches to analyze model responses
or any given dataset and I will show some examples.
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