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Additive functional decomposition of arbitrary functions of random elements, under the form of
high-dimensional model representations (HDMR) [1] is crucial for global sensitivity analysis [2] and
more generally understanding black-box models. Formally, for random inputs X = (X1,...,Xq) ",
and an output G(X), it amounts to finding the unique decomposition

G(X) =Y Ga(Xa), (1)
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where D = {1,...,d}, D is the set of subsets of D, and G 4(X 4) are functions of the subset of input
X4 = (Xi)ica.- Whenever the X; are assumed to be mutually independent, such a decomposition
is known as Hoeffding’s decomposition. It is well known to allow the derivation of meaningful
Sobol’ indices for the analysis of the output variance, among others. Whenever the inputs are not
assumed to be mutually independent, several generalizing approaches have been proposed in the
literature [3-7], but at the price of imposing restrictive assumptions on the correlation structure or
lacking interpretability.

Our recent works [8] hightlights the necessity of proposing a new framework at the cornerstone
of probability theory, functional analysis, and abstract algebra to understand how Hoeffding’s
decomposition can be generalized in a more broader way to dependent inputs. By viewing random
variables as measurable functions, we prove that a unique decomposition such as (1), for square-
integrable black-box outputs G(X), is indeed possible under two fairly reasonable assumptions on
the inputs:

1. Non-perfect functional dependence;

2. Non-degenerate stochastic dependence.

While the first condition, extending non-multicolinearity, appears to very classical, the second
condition can be understood through the prism of angles between subspaces of L?, using a gen-
eralized notion of covariance between such subspaces. This originates from the following fomal
rationale. Denote ox the o-algebra generated by X, and L?cx the space of square-integrable
o x-measurable real-valued functions (real-valued functions of X'). From the proposed framework,
defining a decomposition such as in (1) equates to defining a direct-sum decomposition of L?cx of

the form
LQUX = @ VA,
AeD

where V) are some linear vector subspaces of functions of X 4, which can be completely character-
ized.

In addition, novel sensitivity indices based on this generalized decomposition can be proposed, along
with theoretical arguments to justify their relevance. They first highlight that the popular SHAP
method to decompose predictions is theoretically sound if and only if the inputs are mutually
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independent. Besides, they lead to four new indices for quantifying the importance of inputs,
based on the variance decomposition of G(X). They allow the disentanglement of effects due to
interactions and the effects due to the dependence structure. Such indices will be discussed, and
a first illustration of the generalized decomposition involving Bernoulli random inputs, typically
used in failure tree modeling in the industrial world, will be presented.
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