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This paper introduces a familly of generalized sensitivity index for Hilbert space-valued random
variables, extending the framework of global sensitivity analysis (GSA) to accommodate more
complex output spaces. The need for this work stems from the growing complexity of computer
models in various scientific and engineering fields, where understanding the influence of inputs on
outputs is crucial but often challenging due to computational constraints.

We build on recent advancements in dependence measures [1] and propose new sensitivity indices
that quantifie the influence of a real-valued input X on a Hilbert space-valued output Y. This
generalization allows for a more thorough analysis of complex systems, accommodating outputs
that may be functional or high-dimensional.

The paper begins by establishing the mathematical framework, defining the conditional law and
conditional expectation for Hilbert space-valued random variables. We then introduce the concept
of equivalent random variables, which is central to the definition of our sensitivity index.

To address the crucial issue of estimation for this proposed generalized sensitivity indices, A, we
propose an estimation method based on rank statistics, inspired by the work of Gamboa et al.
[3] and following the approach introduced by Chatterjee [2]. This method provides advantages
over traditional estimation techniques, particularly in terms of computational efficiency and the
capability to estimate multiple indices simultaneously.

The rank-based estimation approach uses the ranks of the input and output variables to approxi-
mate the sensitivity index. This is particularly advantageous for Hilbert space-valued outputs, as
it avoids the complexities associated with direct estimation in high-dimensional spaces.

The estimation procedure involves computing the ranks of the X; values from a sample of n obser-
vations (X;,Y;), ordering the Y; values according to these ranks, and constructing the estimator for
Ay based on the differences between consecutive ordered Y(g,) values. This rank-based approach
is computationally efficient, allows simultaneous estimation of multiple sensitivity indices, and is
robust to outliers and non-linear relationships. Under appropriate conditions, the estimator is
consistent and asymptotically normal, providing a basis for constructing confidence intervals and
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hypothesis tests.

We provide a detailed analysis of the statistical properties of this estimator, including consis-
tency and asymptotic normality results. These theoretical guarantees support the reliability of the
proposed estimation method in practical applications.

Furthermore, we conduct numerical experiments to compare the performance of our rank-based
estimator with traditional methods. These experiments demonstrate its efficiency and accuracy
across a range of scenarios, including those with complex, high-dimensional outputs.

Our work contributes to the field of GSA by offering a rigorous and implementable tool for analyzing
the sensitivity of complex, Hilbert space-valued outputs. The proposed index and its estimation
method provide a means of understanding input-output relationships in high-dimensional and
functional settings, with potential applications in various scientific and engineering disciplines.
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